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Abstract
We consider QCD radiative corrections to vector-boson production in hadron
collisions. We present the next-to-next-to-leading order (NNLO) result of the hard-
collinear coefficient function for the all-order resummation of logarithmically-enhanced
contributions at small transverse momenta. The coefficient function controls NNLO
contributions in resummed calculations at full next-to-next-to-leading logarithmic
accuracy. The same coefficient function is used in applications of the subtraction
method to perform fully-exclusive perturbative calculations up to NNLO.
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The transverse-momentum (qT ) distribution of systems with high invariant mass M (Drell-
Yan lepton pairs, vector boson(s), Higgs boson(s) and so forth) produced in hadronic collisions is
important for physics studies within and beyond the Standard Model (SM).
The computation of these distributions in perturbative QCD is complicated by the presence of
large logarithmic contributions of the form ln(M2/q2T ) that need to be resummed to all perturbative
orders in the QCD coupling αS. The method to perform the resummation is known [1, 2, 3, 4],
including recent developments on the discovered and resummed effects [5, 6] due to helicity and
azimuthal correlations in gluon fusion subprocesses. The structure of the resummed calculation
is organized in a process-independent form that is controlled by a set of perturbative functions
with computable ‘resummation coefficients’. All the resummation coefficients that are process
independent are known since some time [7, 8, 9, 10] up to the second order in αS, and the third-
order coefficient A(3) has been obtained in Ref. [11]. The complete computations of the second-
order resummation coefficients have been carried out in Refs. [12] and [13] for two benchmark
processes, namely, the production of the SM Higgs boson through gluon fusion and vector boson
production through the Drell–Yan (DY) mechanism of quark–antiquark annihilation. The explicit
analytic expressions for the O(α2S) hard-collinear resummation coefficients in the case of SM Higgs
boson production in the large-mtop limit have been presented in Ref. [14]. This paper parallels
Ref. [14]: we concentrate on single vector boson production, and we present the corresponding
analytic expressions of the second-order hard-collinear coefficient functions H(2).
QCD predictions for vector boson production at hadron colliders are important for present and
forthcoming studies at the Tevatron and the LHC. Resummed calculations of the qT spectrum of
vector bosons and of related observables are presented in Refs. [15]–[26]. Calculations for vector
boson production at the fully-exclusive level with respect to the accompanying QCD radiation
have been carried out in Refs. [27, 13, 28] up to the next-to-next-to-leading order (NNLO) in
perturbative QCD.
In this paper we compute the hard-collinear coefficient function H(2) and, thus, the complete
analytical expression of the NNLO cross section for vector boson production in the small-qT
region. These results have a twofold relevance, in the context of both resummed and fixed-order
calculations.
The knowledge of H(2) can be implemented in resummed calculations at full next-to-next-to-
leading logarithmic (NNLL) order to achieve uniform NNLO accuracy in the small-qT region. In
the case of vector boson production, this implementation has been carried out in Ref. [22] by using
the impact-parameter space resummation formalism developed in Refs. [29, 30]. This formalism
enforces a unitarity constraint and thus it guarantees that (upon inclusion of H(2)) the resummed
qT spectrum returns the complete NNLO total cross section after integration over qT .
The subtraction method of Ref. [12] exploits the knowledge of transverse-momentum resum-
mation coefficients at O(α2S) to perform NNLO calculations at the fully-exclusive level. The
Higgs boson coefficient functions presented in Ref. [14] were used in the numerical computations
of Refs. [12, 31]. The coefficient functions presented in this paper are precisely those that are
needed for the actual implementation of this subtraction method in DY-type processes: they are
used in Refs. [13] and [32] for the NNLO numerical computations of vector boson production and
of associated production of a Higgs boson and a W boson. The diphoton NNLO calculation of
Ref. [33] also uses part of the results of the present paper to treat the quark-antiquark annihilation
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subprocess qq¯ → γγ.
This paper is organized as follows. We first introduce our notation and illustrate the NNLO
calculation of the vector boson cross section at small values of qT . Then we recall the transverse-
momentum resummation formalism. Finally, we present our NNLO results in analytic form and
the relation with the qT resummation coefficients at O(α2S).
We briefly introduce the theoretical framework and our notation. We consider the production
of a vector boson V (V = W±, Z and/or γ∗) in hadron–hadron collisions. We use the narrow
width approximation and we treat the vector boson as an on-shell particle with mass M . The
QCD expression of the vector boson transverse-momentum cross section† is
dσ
dq2T
(qT ,M, s) =
∑
a,b
∫ 1
0
dz1
∫ 1
0
dz2 fa/h1(z1,M
2) fb/h2(z2,M
2)
dσˆab
dq2T
(qT ,M, sˆ = z1z2s;αS(M
2)) ,
(1)
where fa/hi(x, µ
2
F ) (a = qf , q¯f , g) are the parton densities of the colliding hadrons (h1 and h2) at the
factorization scale µF , and dσˆab/dq
2
T are the partonic cross sections. The centre–of–mass energy
of the two colliding hadrons is denoted by s, and sˆ is the partonic centre–of–mass energy. We
use parton densities as defined in the MS factorization scheme, and αS(µ
2
R) is the QCD running
coupling at the renormalization scale µR in the MS renormalization scheme. In Eq. (1) and
throughout the paper, the arbitrary factorization and renormalization scales, µF and µR, are set
to be equal to the vector boson mass M .
The partonic cross sections dσˆab/dq
2
T are computable in QCD perturbation theory as power
series expansions in αS(M
2). We are interested in the perturbative contributions that are large
in the small-qT region (qT ≪ M) and, eventually, singular in the limit qT → 0. To explicitly
recall the perturbative structure of these enhanced terms at small qT , we follow Ref. [14] and we
introduce the cumulative partonic cross section‡
∫ Q2
0
0
dq2T
dσˆab
dq2T
(qT ,M, sˆ = M
2/z;αS(M
2)) ≡
∑
c=qf , q¯f ′
z σ
(0)
cc¯,V Rˆ
V
cc¯←ab(z,M/Q0;αS(M
2)) , (2)
where the overall normalization of the function RˆV is defined with respect to σ
(0)
qf q¯f ′ ,V
, which is the
Born level cross section for the quark–antiquark annihilation subprocess qf q¯f ′ → V (the quark
flavours f and f ′ are equal if V = Z, γ∗). The partonic function RˆV has the following perturbative
expansion
RˆVcc¯←ab(z,M/Q0;αS) = δca δc¯b δ(1− z) +
∞∑
n=1
(αS
pi
)n
Rˆ
V (n)
cc¯←ab(z,M/Q0) . (3)
The next-to-leading order (NLO) and NNLO contributions to the cumulative cross section in
Eq. (2) are determined by the functions RˆV (1) and RˆV (2), respectively. The small-qT region of the
†If V = γ∗ or if the vector boson V is not an on-shell particle, the transverse-momentum cross section dσ/dq2T
has to be replaced by the doubly-differential distribution M2dσ/dM2dq2T , where M is the invariant mass of V .
‡In our notation, the subscripts c and c¯ denote a quark and an antiquark (or viceversa) that do not necessarily
have the same flavour. The flavour structure depends on the produced vector boson V and it is (implicitly) specified
by the specific form of the Born level cross section σ
(0)
cc¯,V .
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cross section dσˆab/dq
2
T is probed by performing the limit Q0 ≪ M in Eq. (2). In this limit, the
NLO and NNLO functions RˆV (1) and RˆV (2) have the following behaviour:
Rˆ
V (1)
cc¯←ab(z,M/Q0) = l
2
0 Rˆ
(1;2)
cc¯←ab(z) + l0 Rˆ
(1;1)
cc¯←ab(z) + Rˆ
(1;0)
cc¯←ab(z) +O(Q20/M2) , (4)
Rˆ
V (2)
cc¯←ab(z,M/Q0) = l
4
0 Rˆ
(2;4)
cc¯←ab(z) + l
3
0 Rˆ
(2;3)
cc¯←ab(z) + l
2
0 Rˆ
(2;2)
cc¯←ab(z)
+ l0 Rˆ
(2;1)
cc¯←ab(z) + Rˆ
(2;0)
cc¯←ab(z) +O(Q20/M2) , (5)
where l0 = ln(M
2/Q20). In Eqs. (4) and (5), the powers of the large logarithm l0 are produced
by the singular (though, integrable) behaviour of dσˆab/dq
2
T at small values of qT . The coefficients
Rˆ(1;m) (with m ≤ 2) and Rˆ(2;m) (with m ≤ 4) of the large logarithms are independent of Q0;
these coefficients depend on the partonic centre–of–mass energy sˆ and, more precisely, they are
functions of the energy fraction z = M2/sˆ. As is well known (see also Eq. (7)), the logarithmic
coefficients Rˆ(n;m) do not depend on the specific vector boson that is produced by qq¯ annihilation
and, therefore, we have removed the explicit superscript V (i.e., RˆV (n;m) = Rˆ(n;m)).
In this paper we present the result of the computation of the cumulative cross section in
Eq. (2) up to NNLO. The partonic calculation is performed in analytic form by neglecting terms
of O(Q20/M2) in the limit Q0 ≪ M . Therefore, we determine the coefficient functions Rˆ(n;m)(z)
in Eqs. (4) and (5).
To perform our calculation, we follow the same method as used in Ref. [14] to evaluate the
transverse-momentum cross section for Higgs boson production. The qT integration in Eq. (2) is
thus rewritten in the following form:
∫ Q2
0
0
dq2T
dσˆab
dq2T
(qT ,M, sˆ;αS) ≡
∫ +∞
0
dq2T
dσˆab
dq2T
(qT ,M, sˆ;αS)−
∫ +∞
Q2
0
dq2T
dσˆab
dq2T
(qT ,M, sˆ;αS)
= σˆ
(tot)
ab (M, sˆ;αS)−
∫ ∞
Q2
0
dq2T
∫ +∞
−∞
dyˆ
dσˆab
dyˆ dq2T
(yˆ, qT ,M, sˆ;αS) , (6)
where σˆ
(tot)
ab is the vector boson total (i.e. integrated over qT ) cross section and dσˆab/dyˆ dq
2
T is
the corresponding doubly-differential cross section with respect to the transverse momentum and
rapidity (yˆ is the rapidity of V in the centre–of–mass frame of the two colliding partons a and b)
of the vector boson. The total cross section σˆ
(tot)
ab (M, sˆ;αS) is known [34] in analytic form up to
NNLO (i.e., up to O(α2Sσ(0)V )). In the region of large or, more precisely, non-vanishing values of qT ,
the differential distribution dσˆab/dyˆ dq
2
T is also known [35, 36, 37] in analytic form up to O(α2Sσ(0)V ).
Using these known results and exploiting Eq. (6), we can compute the cumulative partonic cross
section up to the NNLO. Note that qT > Q0 in the last term on the right-hand side of Eq. (6).
Therefore the corresponding integration of the expression dσˆab/dyˆ dq
2
T [35, 36, 37] over yˆ and q
2
T
is finite as long as Q0 6= 0: using the explicit expression of dσˆab/dyˆ dq2T from§ Ref. [36], we carry
out the integration in analytic from in the limit Q0 ≪M (i.e., we neglect terms of O(Q20/M2) on
the right-hand side of Eq. (6)). The result of our calculation¶ confirms the logarithmic structure
§ We list some typos that we have found and corrected in some formulae of Ref. [36]. In Eq. (2.12), BqG2 has
to be replaced by BqG2 + C
qG
2 , and C
qG
2 has to be replaced by C
qG
3 . In Eq. (A.4), two signs have to be changed:
BqG1 has to be replaced by −BqG1 , and AqG has to be replaced by −AqG. In the first line of Eq. (A.10), the term
CF (fu − fs − ft) has to be replaced by CA (fu − fs − ft).
¶Some technical details related to the limit Q0 ≪M are illustrated in Ref. [14].
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in Eqs. (4) and (5), and it allows us to determine the NLO and NNLO coefficients Rˆ(1;m) (with
m ≤ 2) and Rˆ(2;m) (with m ≤ 4) of the cumulative cross section in Eq. (2).
The results of the coefficient functions Rˆ(n;m)(z) are conveniently expressed in terms of transverse-
momentum resummation coefficients. Therefore, before presenting the results, we recall how these
functions are related to the perturbative coefficients of the transverse-momentum resummation
formula for vector boson production [3]. This relation also shows that from the knowledge of
Eq. (5) we can fully determine the NNLO rapidity distribution of the vector boson in the small-qT
region.
To present the transverse-momentum resummation formula, we first decompose the partonic
cross section dσˆab/dq
2
T in Eq. (1) in the form dσˆab = dσˆ
(sing)
ab + dσˆ
(reg)
ab . The singular component,
dσˆ
(sing)
ab , contains all the contributions that are enhanced at small qT . These contributions are pro-
portional to δ(q2T ) or to large logarithms of the type 1/q
2
T ln
m(M2/q2T ). The remaining component,
dσˆ
(reg)
ab , of the partonic cross section is regular order-by-order in αS as qT → 0: the integration of
dσˆ
(reg)
ab /dq
2
T over the range 0 ≤ qT ≤ Q0 leads to a result that, at each fixed order in αS, vanishes in
the limit Q0 → 0. Therefore, dσˆ(reg)ab only contributes to the terms of O(Q20/M2) on the right-hand
side of Eqs. (4) and (5).
Inserting the decomposition dσˆab = dσˆ
(sing)
ab + dσˆ
(reg)
ab in Eq. (1), we obtain a corresponding
decomposition, dσ = dσ(sing) + dσ(reg), of the hadronic cross section. The transverse-momentum
resummation formula for the singular component of the qT cross section at fixed value of the
rapidity y (the rapidity is defined in the centre–of–mass frame of the two colliding hadrons) of the
vector boson reads [3, 4]
dσ(sing)
dy dq2T
(y, qT ,M, s) =
M2
s
∑
c=qf , q¯f ′
σ
(0)
cc¯,V
∫ +∞
0
db
b
2
J0(bqT ) Sq(M, b)
×
∑
a1,a2
∫ 1
x1
dz1
z1
∫ 1
x2
dz2
z2
[
HFC1C2
]
cc¯; a1a2
fa1/h1(x1/z1, b
2
0/b
2) fa2/h2(x2/z2, b
2
0/b
2) , (7)
where the kinematical variables xi (i = 1, 2) are x1 = e
+yM/
√
s and x2 = e
−yM/
√
s. The integra-
tion variable b is the impact parameter, J0(bqT ) is the 0th-order Bessel function, and b0 = 2e
−γE
(γE = 0.5772 . . . is the Euler number) is a numerical coefficient. The symbol
[
HFC1C2
]
cc¯; a1a2
shortly denotes the following function of the longitudinal-momentum fractions z1 and z2:[
HDYC1C2
]
cc¯; a1a2
= HDYq (αS(M
2)) Cc a1(z1;αS(b
2
0/b
2)) Cc¯ a2(z2;αS(b
2
0/b
2)) , (8)
where HDYq (αS) and Cc a(z;αS) (c = qf , q¯f) are perturbative functions of αS (see Eqs. (12)–(13)).
The quark form factor Sq(M, b) in Eq. (7) is a process-independent quantity [3, 7, 4]. Its
functional dependence on M and b is controlled by two perturbative functions, which are usually
denoted as Aq(αS) and Bq(αS) (see, e.g., Ref. [6] that uses the same notation as in Eq. (7)). Their
corresponding n-th order perturbative coefficients are A
(n)
q and B
(n)
q . The coefficients A
(1)
q , B
(1)
q ,
A
(2)
q [7] and B
(2)
q [8] are known: their knowledge fully determines the perturbative expression of
Sq(M, b) up to O(α2S).
The perturbative function HDYq (αS) in Eq. (8) is process dependent, since it is directly related
to the production mechanism of the vector boson through quark–antiquark annihilation. How-
4
ever, HDYq is independent of the specific type of vector boson V (V = W
±, Z, γ∗), and we have
introduced the generic superscript DY .
The partonic functions Cqf a and Cq¯f a in Eq. (8) are instead process independent, as a conse-
quence of the universality features of QCD collinear radiation. Owing to their process indepen-
dence, these partonic functions fulfil the following relations:
Cqf qf ′(z;αS) = Cq¯f q¯f ′ (z;αS) ≡ Cq q(z;αS) δff ′ + Cq q′(z;αS) (1− δff ′) , (9)
Cqf q¯f ′(z;αS) = Cq¯f qf ′ (z;αS) ≡ Cq q¯(z;αS) δff ′ + Cq q¯′(z;αS) (1− δff ′) , (10)
Cqf g(z;αS) = Cq¯f g(z;αS) ≡ Cq g(z;αS) , (11)
which are a consequence of charge conjugation invariance and flavour symmetry of QCD. The
dependence of the matrix Cc a on the parton labels is thus fully specified by the five independent
quark functions Cq q, Cq q′ , Cq q¯, Cq q¯′ and Cq g on the right-hand side of Eqs. (9)–(11).
We recall that the function HDYq (αS), the quark functions Cq a(αS) and the perturbative func-
tionBq(αS) of the quark form factor are not separately computable in an unambiguous way. Indeed,
these three functions are related by a renormalization-group symmetry [4] that follows from the
b-space factorization structure of Eq. (7). The unambiguous definition of these three functions
thus requires the specification† of a resummation scheme [4]. Note, however, that considering the
perturbative expansion‡ of Eq. (7) (i.e., the perturbative expansion of the singular component of
the qT cross section), the resummation-scheme dependence exactly cancels order-by-order in αS.
The perturbative expansion of the quark functions Cq a(αS) and of the vector boson function
HDYq (αS) is defined as follows:
Cq a(z;αS) = δq a δ(1− z) +
∞∑
n=1
(αS
pi
)n
C(n)q a (z) , (a = g, q, q¯, q
′, q¯′) , (12)
HDYq (αS) = 1 +
∞∑
n=1
(αS
pi
)n
HDY (n)q . (13)
The first-order coefficient function C
(1)
q g (z) is independent of the resummation scheme; its expres-
sion is [8]
C(1)q g (z) =
1
2
z (1− z) . (14)
The first-order coefficients C
(1)
q q′(z), C
(1)
q q¯ (z) and C
(1)
q q¯′(z) vanish,
C
(1)
q q′(z) = C
(1)
q q¯ (z) = C
(1)
q q¯′(z) = 0 , (15)
while the coefficients C
(1)
q q (z) and H
DY (1)
q fulfill the following relation [8, 10]:
C(1)q q (z) +
1
2
HDY (1)q δ(1− z) =
CF
2
((
pi2
2
− 4
)
δ(1− z) + 1− z
)
. (16)
†The reader who is not interested in issues related to the specification of a resummation scheme can simply
assume that HDYq (αS) ≡ 1 throughout this paper. The choice HDYq (αS) = 1 is customarily used in most of the
literature on qT resummation for vector boson production.
‡The resummation-scheme dependence also cancels by consistently expanding Eq. (7) in terms of classes of
resummed (leading, next-to-leading and so forth) logarithmic contributions [29].
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The separate determination of C
(1)
q q (z) and H
DY (1)
q requires the specification of a resummation
scheme. For instance, considering the resummation scheme in which the coefficient H
DY (1)
q van-
ishes, the right-hand side of Eq. (16) gives the value of C
(1)
q q (z), and the corresponding value of
the quark form factor coefficient B
(2)
q is explicitly computed in Ref. [8]. The computation of
the second-order coefficients C
(2)
q q , C
(2)
q q′, C
(2)
q q¯ , C
(2)
q q¯′, C
(2)
q g and H
DY (2)
q is the aim of the calculation
described in this paper.
To the purpose of presenting the NNLO results for the cumulative cross section in Eq. (2), we
also define the following hard-collinear coefficient function:
HDYqq¯←ab(z;αS) ≡ HDYq (αS)
∫ 1
0
dz1
∫ 1
0
dz2 δ(z − z1z2)Cq a(z1;αS)Cq¯ b(z2;αS) , (17)
which is directly related to the coefficient function in Eq. (8). The function HDY depends only
on the energy fraction z, and it arises after integration of the resummation formula (7) over the
rapidity of the vector boson. Note that HDY is independent of the resummation scheme [4]. The
perturbative expansion of the function HDY directly follows from Eqs. (12)–(13). We have
HDYqq¯←ab(z;αS) = δq a δq¯ b δ(1− z) +
∞∑
n=1
(αS
pi
)n
HDY (n)qq¯←ab (z) , (18)
where the first-order and second-order contributions are
HDY (1)qq¯←ab(z) = δq a δq¯ b δ(1− z)HDY (1)q + δq a C(1)q¯ b (z) + δq¯ bC(1)q a (z) , (19)
HDY (2)qq¯←ab(z) = δq a δq¯ b δ(1− z)HDY (2)q + δq aC(2)q¯ b (z) + δq¯ bC(2)q a (z)
+HDY (1)q
(
δq aC
(1)
q¯ b (z) + δq¯ bC
(1)
q a (z)
)
+
(
C(1)q a ⊗ C(1)q¯ b
)
(z) . (20)
In Eq. (20) and in the following, the symbol ⊗ denotes the convolution integral (i.e., we define
(g ⊗ h)(z) ≡ ∫ 1
0
dz1
∫ 1
0
dz2 δ(z − z1z2) g(z1) h(z2)).
In the limit Q0 ≪ M , the perturbative expansion of the cumulative partonic cross section in
Eq. (2) can directly be related to the resummation coefficients of Eq. (7). We refer the reader to
Ref. [14] for a concise illustration of this relation and to Ref. [29] for more technical details. The
NLO and NNLO functions RˆV (1) and RˆV (2) in Eqs. (4) and (5) have the following expressions:
Rˆ
V (1)
qq¯←ab(z,M/Q0) = l
2
0 Σ
DY (1;2)
qq¯←ab (z) + l0Σ
DY (1;1)
qq¯←ab (z) +HDY (1)qq¯←ab(z) +O(Q20/M2) , (21)
Rˆ
V (2)
qq¯←ab(z,M/Q0) = l
4
0 Σ
DY (2;4)
qq¯←ab (z) + l
3
0 Σ
DY (2;3)
qq¯←ab (z) + l
2
0 Σ
DY (2;2)
qq¯←ab (z) + l0
(
Σ
DY (2;1)
qq¯←ab (z)− 16ζ3ΣDY (2;4)qq¯←ab (z)
)
+
(
HDY (2)qq¯←ab(z)− 4ζ3ΣDY (2;3)qq¯←ab (z)
)
+O(Q20/M2) , (22)
where we have used the same notation as in Ref. [29]. The explicit expressions of the coefficient
functions Σ
DY (n;m)
qq¯←ab (z) in terms of the resummation coefficients are given in Eqs. (63),(64),(66)–
(69) of Ref. [29] (we have to set µR = µF = Q = M , where µR, µF and Q are the auxiliary scales
of Ref. [29]) and are not reported here. The coefficients HDY (1)qq¯←ab and HDY (2)qq¯←ab are exactly those in
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Eqs. (19) and (20) (they are also given in Eqs. (65) and (70) of Ref. [29]) The first-order terms
Σ
DY (1;2)
qq¯←ab and Σ
DY (1;1)
qq¯←ab depend on the quark form factor Sq(M, b). The second-order terms Σ
DY (2;m)
qq¯←ab
depend on HDY (1)qq¯←ab and on the quark form factor Sq(M, b) up to O(α2S). The numerical coefficient
ζ3 ≃ 1.202 . . . (ζk is the Riemann ζ-function) on the right-hand side of Eq. (22) originates from
the Bessel transformations (see, e.g., Eqs. (B.18) and (B.30) in Appendix B of Ref. [29]).
We now document our results of the NNLO computation of the cumulative partonic cross
section. Using Eqs. (21) and (22), the results for RˆV (1) and RˆV (2) allow us to extract ΣDY (n;m) and
HDY (n) up to O(α2S). The explicit result of the NLO function RˆV (1)(z) confirms the expressions of
Σ
DY (1;2)
qq¯←ab (z), Σ
DY (1;1)
qq¯←ab (z) and HDY (1)qq¯←ab(z), as predicted by the qT resummation coefficients at O(αS).
At NNLO, the present knowledge [7, 8] of the qT resummation coefficients at O(α2S) predicts
the expressions of the terms Σ
DY (2;m)
qq¯←ab (z), with m = 1, 2, 3, 4. Our result for the NNLO function
RˆV (2)(z) confirms this prediction, and it allows us to extract the explicit expression of the second-
order coefficient function HDY (2)qq¯←ab(z).
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We obtain
HDY (2)qq¯←qq¯(z) = CACF
{(
7ζ3
2
− 101
27
)(
1
1− z
)
+
+
(
59ζ3
18
− 1535
192
+
215pi2
216
− pi
4
240
)
δ(1− z)
+
1 + z2
1− z
(
− Li3(1− z)
2
+ Li3(z)− Li2(z) log(z)
2
− 1
2
Li2(z) log(1− z)− 1
24
log3(z)
− 1
2
log2(1− z) log(z) + 1
12
pi2 log(1− z)− pi
2
8
)
+
1
1− z
(
− 1
4
(
11− 3z2) ζ3
− 1
48
(−z2 + 12z + 11) log2(z)− 1
36
(
83z2 − 36z + 29) log(z) + pi2z
4
)
+ (1− z)
(
Li2(z)
2
+
1
2
log(1− z) log(z)
)
+
z + 100
27
+
1
4
z log(1− z)
}
+ CFnF
{
14
27
(
1
1− z
)
+
+
1
864
(
192ζ3 + 1143− 152pi2
)
δ(1− z)
+
(1 + z2)
72(1− z) log(z)(3 log(z) + 10) +
1
108
(−19z − 37)
}
+ C2F
{
1
4
(
−15ζ3 + 511
16
− 67pi
2
12
+
17pi4
45
)
δ(1− z)
+
1 + z2
1− z
(
Li3(1− z)
2
− 5Li3(z)
2
+
1
2
Li2(z) log(1− z) + 3Li2(z) log(z)
2
+
3
4
log(z) log2(1− z) + 1
4
log2(z) log(1− z)− 1
12
pi2 log(1− z) + 5ζ3
2
)
+ (1− z)
(
−Li2(z)− 3
2
log(1− z) log(z) + 2pi
2
3
− 29
4
)
+
1
24
(1 + z) log3(z)
+
1
1− z
(
1
8
(−2z2 + 2z + 3) log2(z) + 1
4
(
17z2 − 13z + 4) log(z)
)
− z
4
log(1− z)
}
+ CF
{
1
z
(1− z) (2z2 − z + 2)
(
Li2(z)
6
+
1
6
log(1− z) log(z)− pi
2
36
)
+
1
216z
(1− z) (136z2 − 143z + 172)− 1
48
(
8z2 + 3z + 3
)
log2(z)
+
1
36
(
32z2 − 30z + 21) log(z) + 1
24
(1 + z) log3(z)
}
, (23)
HDY (2)qq¯←qq¯′(z) = CF
{
1
12z
(1− z) (2z2 − z + 2)
(
Li2(z) + log(1− z) log(z)− pi
2
6
)
+
1
432z
(1− z) (136z2 − 143z + 172)+ 1
48
(1 + z) log3(z)
− 1
96
(
8z2 + 3z + 3
)
log2(z) +
1
72
(
32z2 − 30z + 21) log(z)
}
, (24)
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HDY (2)qq¯←qq(z) = CF
(
CF − 1
2
CA
){
1 + z2
1 + z
(
3Li3(−z)
2
+ Li3(z) + Li3
(
1
1 + z
)
− Li2(−z) log(z)
2
− Li2(z) log(z)
2
− 1
24
log3(z)− 1
6
log3(1 + z) +
1
4
log(1 + z) log2(z)
+
pi2
12
log(1 + z)− 3ζ3
4
)
+ (1− z)
(
Li2(z)
2
+
1
2
log(1− z) log(z) + 15
8
)
− 1
2
(1 + z)
(
Li2(−z) + log(z) log(1 + z)
)
+
pi2
24
(z − 3) + 1
8
(11z + 3) log(z)
}
+ CF
{
1
12z
(1− z) (2z2 − z + 2)
(
Li2(z) + log(1− z) log(z)− pi
2
6
)
+
1
432z
(1− z) (136z2 − 143z + 172)− 1
96
(
8z2 + 3z + 3
)
log2(z)
+
1
72
(
32z2 − 30z + 21) log(z) + 1
48
(1 + z) log3(z)
}
, (25)
HDY (2)qq¯←qq′(z) = HDY (2)qq¯←qq¯′(z) , (26)
HDY (2)qq¯←qg(z) = CA
{
− 1
12z
(1− z) (11z2 − z + 2)Li2(1− z)
+
(
2z2 − 2z + 1)
(
Li3(1− z)
8
− 1
8
Li2(1− z) log(1− z) + 1
48
log3(1− z)
)
+
(
2z2 + 2z + 1
)(3Li3(−z)
8
+
Li3
(
1
1+z
)
4
− Li2(−z) log(z)
8
− 1
24
log3(1 + z)
+
1
16
log2(z) log(1 + z) +
1
48
pi2 log(1 + z)
)
+
1
4
z(1 + z)Li2(−z) + zLi3(z)
− 1
2
zLi2(1− z) log(z)− zLi2(z) log(z)− 3
8
(
2z2 + 1
)
ζ3 − 149z
2
216
− 1
96
(
44z2 − 12z + 3) log2(z) + 1
72
(
68z2 + 6pi2z − 30z + 21) log(z) + pi2z
24
+
43z
48
+
43
108z
+
1
48
(2z + 1) log3(z)− 1
2
z log(1− z) log2(z)− 1
8
(1− z)z log2(1− z)
+
1
4
z(1 + z) log(1 + z) log(z) +
1
16
(3− 4z)z log(1− z)− 35
48
}
+ CF
{(
2z2 − 2z + 1)
(
ζ3 − Li3(1− z)
8
− Li3(z)
8
+
1
8
Li2(1− z) log(1− z)
+
Li2(z) log(z)
8
− 1
48
log3(1− z) + 1
16
log(z) log2(1− z) + 1
16
log2(z) log(1− z)
)
− 3z
2
8
− 1
96
(
4z2 − 2z + 1) log3(z) + 1
64
(−8z2 + 12z + 1) log2(z)
+
1
32
(−8z2 + 23z + 8) log(z) + 5
24
pi2(1− z)z + 11z
32
+
1
8
(1− z)z log2(1− z)
− 1
4
(1− z)z log(1− z) log(z)− 1
16
(3− 4z)z log(1− z)− 9
32
}
, (27)
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HDY (2)qq¯←gg(z) = −
z
2
(
1− z + 1
2
(1 + z) log(z)
)
, (28)
where CF = (N
2
c − 1)/(2Nc), CA = Nc (Nc is the number of colours in SU(Nc) QCD), nF is the
number of quark flavours and Lik(z) (k = 2, 3) are the usual polylogarithm functions,
Li2(z) = −
∫ z
0
dt
t
ln(1− t) , Li3(z) =
∫ 1
0
dt
t
ln(t) ln(1− zt) . (29)
We comment on the vector boson results in Eqs. (23)–(28) and on the ensuing determination
of the second-order coefficients C
(2)
q q , C
(2)
q q′, C
(2)
q q¯ , C
(2)
q q¯′, C
(2)
q g and H
DY (2)
q in Eqs. (12) and (13).
The parton matrix HDY (2)qq¯←ab is completely specified by the six entries‡ in Eqs. (23)–(28): the
quark–quark functions HDY (2)qq¯←qq¯, HDY (2)qq¯←qq¯′, HDY (2)qq¯←qq, HDY (2)qq¯←qq′, the quark–gluon function HDY (2)qq¯←qg and
the gluon–gluon function HDY (2)qq¯←gg.
Using Eq. (20), in the gluon–gluon channel we have
HDY (2)qq¯←gg(z) =
(
C(1)q g ⊗ C(1)q g
)
(z) . (30)
We see that the second-order coefficient function HDY (2)qq¯←gg(z) is fully determined by the qT resum-
mation coefficients at O(αS). Using the value of C(1)q g in Eq. (14), the expression on the right-hand
side of Eq. (30) is in complete agreement with the result in Eq. (28). Therefore, our explicit com-
putation of the NNLO partonic function Rˆ
V (2)
qq¯←gg represents a consistency check of the resummation
formula (7).
Considering the quark–gluon channel, Eq. (20) can be recast in the following form:
C(2)q g (z) +
1
2
HDY (1)q C
(1)
q g (z) = HDY (2)qq¯←qg(z)−
1
2
(
HDY (1)qq¯←qq¯ ⊗ C(1)q g
)
(z) , (31)
where we have used HDY (1)qq¯←qq¯(z) = HDY (1)q δ(1− z) + 2C(1)q q (z) (see Eq. (19)). The relation (31) can
be used to determine C
(2)
q g (z) from the knowledge of HDY (2)qq¯←qg and of the qT resummation coefficients
at O(αS). Inserting the first-order results of Eqs. (14)–(16) in Eq. (31), we explicitly have
C(2)q g (z)+
1
4
HDY (1)q z (1−z) = HDY (2)qq¯←qg(z)−
CF
4
[
z log(z) +
1
2
(1− z2) +
(
pi2
2
− 4
)
z (1− z)
]
, (32)
where HDY (2)qq¯←qg is given in Eq. (27). Note that the right-hand side of Eq. (31) (or Eq. (32))
is resummation-scheme independent. Analogously to Eq. (16), the dependence of C
(2)
q g on the
resummation scheme is thus parametrized by the first-order coefficient H
DY (1)
q on the left-hand
side of Eq. (32).
‡The other non-vanishing entries are obtained by the symmetry relation HDYqq¯←ab = HDYqq¯←b¯a¯. Several entries of
the second-order matrix HDY (2)qq¯←ab are vanishing because of Eq. (15).
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The process-independent coefficient functions C
(2)
q q (z), C
(2)
q q′(z) C
(2)
q q¯ (z) and C
(2)
q q¯′(z) are obtained
analogously to C
(2)
q g (z). Considering the flavour diagonal quark–quark channel, Eq. (20) gives
2C(2)q q (z) + δ(1− z)
[
HDY (2)q −
3
4
(
HDY (1)q
)2]
+
1
2
HDY (1)q HDY (1)qq¯←qq¯(z)
= HDY (2)qq¯←qq¯(z)−
1
4
(
HDY (1)qq¯←qq¯ ⊗HDY (1)qq¯←qq¯
)
(z) , (33)
where the right-hand side of Eq. (33) is expressed in terms of resummation-scheme independent
functions. Inserting Eqs. (14)–(16) in Eq. (33), we explicitly obtain
2C(2)q q (z) + δ(1− z)
[
HDY (2)q −
3
4
(
HDY (1)q
)2
+
CF
4
(pi2 − 8)HDY (1)q
]
+
1
2
CF H
DY (1)
q (1− z)
= HDY (2)qq¯←qq¯(z)−
C2F
4
[
δ(1− z)(pi
2 − 8)2
4
+
(
pi2 − 10) (1− z)− (1 + z) ln z
]
, (34)
where HDY (2)qq¯←qq¯ is given in Eq. (23). We observe that C(2)q q (z) includes a resummation-scheme
dependent part that depends on H
DY (1)
q and H
DY (2)
q . We also recall [4] that the resummation-
scheme invariance relates C
(2)
q q , H
DY (2)
q and the third-order coefficient B
(3)
q of the quark form
factor.
Considering the flavour off-diagonal quark–quark channel in Eq. (20), we obtain
C
(2)
q q¯ (z) =HDY (2)qq¯←qq(z) , C(2)q q′(z) = HDY (2)qq¯←qq¯′(z) , C(2)q q¯′(z) = HDY (2)qq¯←qq′(z) , (35)
where HDY (2)qq¯←qq¯′, HDY (2)qq¯←qq, and HDY (2)qq¯←qq′ are given in Eqs. (24)–(26). The off-diagonal second-order
coefficients C
(2)
q q¯ (z), C
(2)
q q′(z) and C
(2)
q q¯′(z) are resummation-scheme independent. From Eq. (26) we
observe that we have C
(2)
q q′(z) = C
(2)
q q¯′(z). The equality between Cq q′(z) and Cq q¯′(z) is expected to
be violated at higher perturbative orders (i.e., we expect C
(3)
q q′(z) 6= C(3)q q¯′(z)).
In this paper we have considered QCD radiative corrections to vector boson production in
hadron–hadron collisions. We have presented the analytic result of the NNLO calculation of the
vector boson cross section at small values of qT (see Eqs. (2) and (5)). The NNLO result is
compared (see Eq. (22)) with the predictions of transverse-momentum resummation. The com-
parison gives a second-order crosscheck of the all-order resummation formula (7), and it allows us
to determine the previously unknown resummation coefficients at O(α2S). These are the coefficient
functions HDY (2)qq¯←ab(z) (see Eqs. (23)–(28)) and the related coefficients C(2)q g , C(2)q q , C(2)q q′(z), C(2)q q¯ (z)
and C
(2)
q q¯′(z) (see Eqs. (32), (34) and (35)), which control the dependence on the rapidity of the
vector boson. The knowledge of these second-order coefficients is relevant for phenomenological
applications of both resummed and fixed-order QCD computations. These coefficients have been
already implemented in resummed calculations of the inclusive qT distribution at full NNLL ac-
curacy [22]. Using the method of Ref. [12], the same coefficients have been used to perform the
fully-exclusive NNLO perturbative calculations of Refs. [13] and [32].
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